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Dark Energy from Eternal Pair-production of Fermions
Jiro Hashiba
We study a toy model in which Majorana or Dirac fermions behave as the source for a small
vacuum energy in the present Universe. In the model, a self-interacting scalar boson coupled with
fermions induces attractive and repulsive interactions between the fermions simultaneously. These
interactions allow for the existence of a metastable state with positive energy density comprised
of fermions degenerate inside a Fermi surface. The energy density of the metastable state remains
constant as the Universe expands. This is because pair-productions of fermions from the vacuum
continuously take place at no energy cost and keep supplying fermions uniformly to the Universe.
The observed vacuum energy density ∼ 10−47 GeV4 is reproduced for the fermion and scalar mass
of the order 10−3 eV.
I. INTRODUCTION
In 1998, a couple of independent research groups
announced their groundbreaking discoveries in particle
physics and astrophysics. One was the neutrino oscil-
lation, which showed that neutrinos had mass [1]. The
other was the accelerating expansion of the Universe [2].
A non-vanishing cosmological constant is the simplest ex-
planation of this observation. Nevertheless, it cannot be
ruled out that the accelerating expansion is caused by
a form of dynamically generated energy, which is now
dubbed dark energy [3]. The year of announcement was
not the only coincidence of these discoveries. If the dark
energy arises from a zero-point energy inherent in quan-
tum field theory, its density is expected to take a value
∼ M4P , where MP is the Planck scale. However, the
quartic root of the observed dark energy density is of the
order 10−3 eV [4], which is not far from the upper bound
of active neutrino mass ∼ 2 eV [5]. Motivated by this
mass scale similarity, some researchers have attempted
to explain the connection between the dark energy and
neutrinos. Among such researches are models based on
mass varying neutrino (MaVaN) [6–8], neutrino conden-
sate [9, 10], and the vacuum condensate of neutrino mix-
ing [11]. In addition, the author of [12] has recently pre-
sented a qualitative argument that, if the space is filled
with “dark energy particles” with mass ∼ 10−3 eV, the
pair-production of such particles leads to an accelerated
expansion of the Universe. In this article, we propose
a specific model in which the vacuum energy originates
from non-trivial dynamics of fermions induced by a scalar
field. It is shown that, similarly to the existing literature,
the energy scale of the dark energy can be explained if
the fermion has mass comparable to that of active neu-
trinos. However, as shown in the article, the fermion in
the model cannot be identified with active neutrinos, but
possibly with a fermion which has not yet been discov-
ered.
This article is organized as follows. Section II is the
main part of this article, where we introduce the model
Lagrangian and present the thermal history of the parti-
cles in the model. In section III, we show the existence of
a metastable state with a positive energy density which is
identified with the dark energy. The present Universe has
been trapped in this metastable state. The concept “eter-
nal pair-production,” which is responsible for the stabil-
ity of the dark energy, is explained in section IV. In sec-
tion V, we estimate the probability that the metastable
state decays into the ground state with vanishing energy
density. This estimation is crucial because we may live
in a Universe without dark energy unless the probabil-
ity is extremely small. While sections II through V are
devoted to the discussion of Majorana fermion case, we
briefly demonstrate that our model works in case of Dirac
fermion as well in section VI. In the last section, we sum-
marize our results and discuss some remaining issues.
II. THE MODEL
We assume a homogeneous, isotropic, and flat Universe
described by the Robertson-Walker metric. The scale
factor a, total energy density ρT , and total pressure pT
of the Universe evolve according to the following three
equations [13]:
(
a˙
a
)2
=
ρT
3M2P
,
d(ρT a
3) = −pTd(a
3),
pT = wT ρT ,
(1)
where wT is a parameter that is not necessarily a con-
stant. In (1), the first, second, and third lines represent
the Friedmann equation without the cosmological term,
the energy conservation law, and the equation of state,
respectively. We assume that there are two sectors in the
matter content that contribute to ρT and pT . One is the
dark energy (DE) sector which accounts for the energy
that dominates the present Universe. The DE sector is
introduced in the next subsection. The other is what-
ever else including the standard model (SM) particles
and dark matter. In this article, this sector is called the
SM sector. We postulate that the coupling between the
SM sector and DE sector is highly suppressed, because
the particles in the DE sector should have already been
detected otherwise.
This section is divided into three subsections. In the
first (resp. second) subsection, we focus only on the DE
2sector, assuming that the temperature is higher (resp.
lower) than the characteristic scale of the DE sector. In
the last subsection, we explain that the DE sector does
not spoil the good prediction of the standard cosmology
in the early Universe, and begins dominating the Uni-
verse only recently.
A. High temperature phase
The DE sector consists of a Majorana fermion ψ and
a real scalar φ. We mainly consider the case where ψ
is a Majorana spinor in this article, but our model also
works for the case of Dirac fermion. The Dirac fermion
case will be briefly studied in section VI. The fermion
and the scalar interact with each other through a Yukawa
coupling. The Lagrangian of the model is given by
L ≡
∫
d3x
[
1
2
ψ¯ (i/∂ −m)ψ −
g
2
φψ¯ψ
+
1
2
∂µφ∂
µφ−
1
2
m2φφ
2 −
λ
4
φ4
]
,
(2)
where ψ satisfies the Majorana condition ψ = ψc ≡ Cψ¯T ,
with C ≡ −iγ2γ0 being the charge conjugation matrix.
We do not include the cubic term of φ in (2) for simplicity,
although L has no symmetry that precludes the cubic
term. There exist four model parameters: fermion mass
m, scalar mass mφ, Yukawa coupling g, and scalar self-
coupling λ > 0.
Let T be the temperature of the DE sector. Note
that T is different from the temperature TSM of the SM
sector in general, since the DE sector is almost decou-
pled from the SM sector. As we will see in the next
section, the masses of the DE sector have to satisfy
m ∼ mφ ∼ 10
−3 eV in order for the observed dark energy
scale to be explained. The Lagrangian (2) well describes
the DE sector for T & 10−3 eV. On the other hand, a
low energy effective Lagrangian is more convenient for
T . 10−3 eV, as considered in the next subsection.
Throughout this article, we make the following as-
sumption on the system described by the Lagrangian (2).
Assumption 1:
The Lagrangian (2) implicitly contains the counter
terms which cancel out divergent terms depending
on some cutoff scale, say, the Planck scale MP .
A few comments on this assumption are in order. A
zero-point energy is an example of the divergent terms
supposed in Assumption 1. In this article, we assume
that the vacuum energy is generated by a combination
of two mechanisms. First, some unknown mechanism
like supersymmetry fixes the zero-point energy exactly at
zero, which otherwise is expected to take a value ∼M4P .
The first mechanism is followed by a second one that lifts
the vacuum energy from zero to the observed tiny level of
(10−3 eV)4. Our goal is to present the second mechanism,
while the first one is beyond the scope of this article.
B. Low temperature phase
In this subsection, we find a low energy effective theory
of (2) which is suitable for describing the dark energy. In
this subsection and sections from III to V, we make the
following assumption.
Assumption 2:
The temperature of the DE sector satisfies T ≪
m ∼ mφ ∼ 10
−3 eV and the entropy S of the
DE sector is sufficiently small so that TS is much
smaller than the (internal) energy of the metastable
state discussed in section III.
When T ≪ 10−3 eV, the scalar φ annihilates and only
serves as the virtual particles mediating the interaction
between fermions ψ. On the other hand, in the next
section we will show the existence of a metastable state
on which fermionic particle excitations have a dispersion
relation with no energy gap (see Ep in (17) below). It is
thus justified to integrate out only φ and retain ψ in the
Lagrangian L.
Let us derive a low energy effective Lagrangian for ψ by
integrating out φ. Assuming that φ is time-independent,
we write down the equation of motion of φ as
g
2
ψ¯ψ + (−∇2 +m2φ)φ+ λφ
3 = 0. (3)
By treating the Laplacian ∇2 as if it is just a numerical
coefficient, we can formally solve (3) for φ as
φ = φ0(ψ¯ψ/2),
φ0(z) ≡


√√√√(−∇2 +m2φ
3λ
)3
+
( gz
2λ
)2
−
gz
2λ


1
3
−


√√√√(−∇2 +m2φ
3λ
)3
+
( gz
2λ
)2
+
gz
2λ


1
3
.
(4)
The formula (4) is a closed form expression for the formal
power series expansion of the solution to (3) in terms of
ψ¯ψ/2, namely
φ = −g
∫
d3y∆(x− y)
(ψ¯ψ)(y)
2
+ λg3
∫
d3y∆(x− y)
[∫
d3z∆(y− z)
(ψ¯ψ)(z)
2
]3
+O((ψ¯ψ/2)5),
(5)
where we defined the propagator, or the Yukawa poten-
tial, by
∆(x) ≡
∫
d3p
(2π)3
eip·x
|p|2 +m2φ
=
e−mφ|x|
4π|x|
. (6)
Note that φ0(·) is a non-local functional of ψ¯ψ/2, which
depends on spatial coordinates in general. However, we
3can let φ0(·) be an ordinary function by setting ∇
2 = 0
in (4), when ψ¯ψ/2 is a constant. By replacing φ in (2)
with φ0, we obtain an effective Lagrangian for ψ,
Leff ≡
∫
d3x
[
1
2
ψ¯ (i/∂ −m)ψ − gφ0
(
ψ¯ψ
2
)
ψ¯ψ
2
−
1
2
φ0
(
ψ¯ψ
2
)
(−∇2 +m2φ)φ0
(
ψ¯ψ
2
)
−
λ
4
φ0
(
ψ¯ψ
2
)4]
.
(7)
The effective Lagrangian Leff contains all tree level inter-
actions mediated by φ. The Hamiltonian derived from
(7) is given by
Hˆ ≡
∫
d3x
[
1
2
ψ¯ (−iγ ·∇+m)ψ + gφ0
(
ψ¯ψ
2
)
ψ¯ψ
2
+
1
2
φ0
(
ψ¯ψ
2
)
(−∇2 +m2φ)φ0
(
ψ¯ψ
2
)
+
λ
4
φ0
(
ψ¯ψ
2
)4]
.
(8)
Let V be the spatial volume of the system. We expand
the field ψ by discrete momentum p as
ψ(x) =
∑
p,σ
1√
2ω|p|V
[
u(p, σ)eip·xa(p, σ)
+ v(p, σ)e−ip·xa†(p, σ)
]
,
(9)
where ωp ≡
√
p2 +m2 and a†(p, σ) (resp. a(p, σ)) is
the creation (resp. annihilation) operator of the fermion
with momentum p and spin index σ 1. The creation and
annihilation operators are normalized so that they sat-
isfy the anti-commutation relation {a(p, σ), a†(q, σ′)} =
δp,qδσ,σ′ . Let H be the Fock space constructed by mul-
tiplying creation operators on the vacuum |0〉 which sat-
isfies a(p, σ)|0〉 = 0. Then, the internal energy U of the
system is
U = −
∂
∂β
ln
(
TrHe
−βHˆ
)
, (10)
where β ≡ 1/T is the inverse temperature. If the temper-
ature T is sufficiently low as stated in Assumption 2, U
is dominated by the ground state in H. In other words,
the information about the local minima of Hˆ is lost, if
we sum over all states in (10). However, the dark energy
might correspond to a local minimum of Hˆ , not to the
1 In the remainder of the article, we often use the vector
notation for creation and annihilation operators like a†p =
(a†(p,+), a†(p,−))T to simplify some formulas.
global minimum 2 . Therefore, we shall not calculate U ,
but attempt to search for local minima of Hˆ . Since it
is impossible to exhaust all states in H when looking for
the local minima, we restrict ourselves to a subspace H′
of H defined by
H′ ≡

 |Λ〉 =

 ∏
|p|≤Λ,σ=±
a†(p, σ)

 |0〉
∣∣∣∣∣∣Λ ∈ R≥0

 .
(11)
As in (11), it is natural to consider only the rotationally
symmetric states where fermions are degenerate in all
states with |p| ≤ Λ for some positive Λ in an isotropic
Universe.
To find local minima of Hˆ , we simplify Hˆ with a
mean field approximation. Specifically, we expand Hˆ by
fermion bilinear terms ψ¯γ ·∇ψ and ψ¯ψ around their ex-
pectation values conditional on the state |Λ〉, and discard
the second and higher order terms. Let ρ(Λ)V be the ze-
roth order term, where ρ(Λ) equals the energy density
〈Λ|Hˆ |Λ〉/V under the mean field approximation. Then,
Hˆ is expressed as
Hˆ ≃ ρ(Λ)V + Hˆ0 + HˆI , (12)
where Hˆ0 + HˆI is the first order term. We explain how
to decompose the first order term into Hˆ0 and HˆI later.
Let us first calculate the energy density ρ(Λ). The
expectation value of the kinetic energy density in (8) is
calculated as
K(Λ) ≡
〈
Λ
∣∣∣∣12 ψ¯ (−iγ ·∇+m)ψ
∣∣∣∣Λ
〉
= 2
∫
|p|≤Λ
d3p
(2π)3
ω|p|
=
1
8π2
[
ωΛΛ(m
2 + 2Λ2) +m4 ln
(
ωΛ − Λ
m
)]
.
(13)
We also define the fermionic condensate
W (Λ) ≡
〈
Λ
∣∣∣∣ ψ¯ψ2
∣∣∣∣Λ
〉
= 2
∫
|p|≤Λ
d3p
(2π)3
m
ω|p|
=
m
2π2
[
ωΛΛ +m
2 ln
(
ωΛ − Λ
m
)]
.
(14)
Therefore, we obtain
ρ(Λ) = K(Λ) + P (W (Λ))
P (w) ≡ gφ0(w)w +
1
2
m2φφ0(w)
2 +
λ
4
φ0(w)
4,
(15)
2 Here, by the global or local minimum of Hˆ, we mean taking the
extrema of 〈Ψ|Hˆ|Ψ〉 with respect to |Ψ〉 ∈ H. For instance, the
state |Ψ〉 = |Ψ0〉 that minimizes 〈Ψ|Hˆ|Ψ〉 is the ground state of
Hˆ, as derived from the variational principle.
4using (8). When computing K(Λ) and W (Λ) above, we
dropped the terms that diverge without cutoff, following
Assumption 1. The equalities K(0) = W (0) = 0 derived
from Assumption 1 in turn ensure that ρ(Λ = 0) = 0.
Thus, Assumption 1 can be rephrased as the postulate
that the vacuum energy in the absence of fermions ex-
actly vanishes.
Next, we calculate the first order term in Hˆ . Let Λ0
be the value of Λ such that ρ(Λ0) is a local minimum
of ρ(Λ) if it exists. For Λ = Λ0, the expansion of the
Hamiltonian by fermion bilinears up to the first order
has a simple form,
Hˆ ≃ ρ(Λ0)V +
∫
d3x
[
1
2
ψ¯ (−iγ ·∇+m)ψ −K(Λ0)
]
+ gφ0(W (Λ0))
∫
d3x
(
ψ¯ψ
2
−W (Λ0)
)
= ρ(Λ0)V +
∑
|p|≤Λ0
E|p|ap · a
†
p
+
∑
|p|>Λ0
E|p|a
†
p
· ap
− g
∑
p
φ0(W (Λ0))|p|
2ω|p|
(
a†
p
·Ma†−p + a−p ·M
†ap
)
,
(16)
where we defined M ≡ (pi · σi)(iσ2)/|p| using the Pauli
matrices σi and
Ep ≡
∣∣∣∣ωp + gφ0(W (Λ0))mωp
∣∣∣∣ = ωp
∣∣∣∣∣1−
(
ωΛ0
ωp
)2∣∣∣∣∣ . (17)
In (17), we used the extremality condition
ρ′(Λ0) =
Λ20
π2
[
ωΛ0 + gφ0(W (Λ0))
m
ωΛ0
]
= 0. (18)
Finally, we decompose the first order part of (16) into
Hˆ0 and HˆI . We wish to define Hˆ0 and HˆI so that they
give a free Hamiltonian and interaction part of Hˆ , re-
spectively. Such a definition is naturally given by
Hˆ0 ≡
∑
|p|≤Λ0
E|p|ap · a
†
p
+
∑
|p|>Λ0
E|p|a
†
p
· ap,
HˆI ≡
ω2Λ0
m
∑
p
|p|
2ω|p|
(
a†
p
·Ma†−p + a−p ·M
†ap
)
.
(19)
Since all particle states with |p| ≤ Λ0 are occupied in
|Λ0〉, excited states are obtained by applying ap with
|p| ≤ Λ0 or a
†
p
with |p| > Λ0 on |Λ0〉. We refer to
these excitations as “excited particles” if |p| > Λ0, or
“holes” if |p| ≤ Λ0. As (19) indicates, Ep ≥ 0 describes
the dispersion relation of the excited particles and holes.
The interaction part HˆI contains pair-creation and pair-
annihilation interactions of fermions.
C. Thermal history of the DE sector
In this subsection, we study the behavior of the energy
density of the DE sector from the era of reheating to
the present Universe. Let us decompose ρT and pT into
the two components to which the SM and DE sectors
contribute,
ρT = ρSM + ρ,
pT = pSM + p.
(20)
The notations used in the r.h.s. of (20) will be self-
evident.
In the three subsequent sections, we show the following
results in case of T ≪ 10−3 eV.
Section III: The function ρ(Λ) has a positive local min-
imum ρ(Λ0) ∼ (10
−3 eV)4 at Λ = Λ0 ∼ 10
−3 eV
for a certain parameter range.
Section IV: The equation of state for the DE sector is
given by p ≃ −ρ.
Section V: The decay rate of the metastable state is so
small that the metastable state is expected not to
decay into the ground state for a period longer than
the age of the Universe.
Let us accept these results in advance for the moment,
and derive the dependence of ρ on T . The result of sec-
tion III suggests that there is an equilibrium at Λ =
Λ0. We refer to n0 ≡ 2
∫
|p|≤Λ0
d3p(2π)−3 = Λ30/π
2
as the “equilibrium number density” of fermions. If
T ≫ 10−3 eV, both ψ and φ behave as relativistic par-
ticles. Then, the number density n of fermions is given
by n = (3ζ(3)/4π2)gFT
3, where gF = 2 for Majorana
fermion case [13]. As the Universe cools down and T
approaches to 10−3 eV, n gets close to the equilibrium
number density n0 = Λ
3
0/π
2. When n ≃ n0, the DE sec-
tor will be trapped at the local minimum ρ(Λ0). Even
if the Universe further evolves, the DE sector continues
staying at ρ(Λ0). In summary, the energy density ρ of
the DE sector depends on T as follows:
ρ =
{
(π2/30)(7gF/8 + 1)T
4 (T ≫ 10−3 eV)
ρ(Λ0) (T ≪ 10
−3 eV)
. (21)
Since the SM sector and the DE sector are almost de-
coupled, the entropy of the SM sector is not transferred
to the DE sector as TSM decreases. Therefore, when
T & 10−3 eV, radiation or matter in the SM sector dom-
inates ρT . In particular, it is worth stressing that ρ only
accounts for a tiny fraction of ρT , not spoiling the suc-
cess of the standard cosmology including the Big Bang
nucleosynthesis. On the other hand, the DE sector be-
gins dominating ρT when ρSM ≃ ρ(Λ0) at some tem-
perature T < 10−3 eV. Since ρT ≃ ρ = ρ(Λ0) and
pT ≃ p = −ρ(Λ0) for ρSM ≪ ρ(Λ0), an accelerating
expansion of the Universe derived from (1),
a ∝ exp(H0t), H0 ≡
√
ρ(Λ0)
3M2P
, (22)
begins recently at the era ρSM ≃ ρ(Λ0) ∼ (10
−3 eV)4.
5FIG. 1. Functional dependence of ρ(Λ) on Λ ∈ [0, 8mφ] for
g = 3 and λ = 0.01. The horizontal and vertical axis stands
for Λ/mφ and ρ(Λ)/m
4
φ, respectively. The graphs for five rep-
resentative values of m/mφ ∈ [1.9, 2.1] are shown. A positive
local minimum exists at least for 2.0 ≤ m/mφ ≤ 2.05.
III. METASTABLE STATE AND DARK
ENERGY
Let us investigate if there exists a positive local min-
imum of ρ(Λ), which is a potential candidate for the
dark energy. All possible parameter space will not be
exhaustively searched, but we just attempt to find a
parameter region which is consistent with the observa-
tion of the vacuum energy density. We consider only
the case g = 3 and λ = 0.01 as an illustrative exam-
ple of the model. As depicted in FIG. 1, a local mini-
mum exists for a range of model parameters. If we de-
mand ρ(Λ0) = (10
−3 eV)4, the fermion mass takes values
m = (2.0 × 10−3-3.7 × 10−3) eV for m/mφ = 2.0-2.05.
In principle, there exists no upper bound for m, since
ρ(Λ0)/m
4
φ can be made arbitrarily small if we appropri-
ately adjust m/mφ, as FIG. 1 indicates. However, more
fine-tuning of m/mφ is necessary to obtain larger values
of m consistent with ρ(Λ0) = (10
−3 eV)4. From now on,
the sphere in the momentum space defined by |p| = Λ0
is referred to as the Fermi surface.
A physical explanation of the reason why ρ(Λ) has a
local minimum is as follows. If Λ is sufficiently small,
ρ(Λ) is approximated by
ρ(Λ) = K(Λ)−
g2
2m2φ
W (Λ)2, (23)
as derived from (5) and (15). The second term of the
r.h.s. of (23) is an attractive potential between fermions
induced by one scalar exchange. As Λ increases and the
decrease in the negative attractive potential dominates
the increase in K(Λ), ρ(Λ) begins decreasing at its lo-
cal maximum shown in FIG. 1. However, as Λ increases
further, the higher order terms in P (W (Λ)) contributes
to ρ(Λ) by a positive amount. This positive contribu-
tion by P (W (Λ)) is regarded as a repulsive interaction
between fermions. Because of this repulsive potential,
ρ(Λ) begins increasing again. In summary, at the local
minimum Λ = Λ0, the increase in the kinetic energy plus
repulsive potential exactly balances the decrease in the
attractive potential, when a small number of fermions are
added on the Fermi surface.
So far, we have only found that there exists a parame-
ter range in which the state |Λ0〉 is metastable along the
subspace H′ of H. However, it is also possible to show
that the state |Λ0〉 is metastable along the directions in
H not parallel to H′. The remainder of this section is
devoted to showing this statement.
Let us consider an excited particle state |p, σ〉 ≡
a†(p, σ)|Λ0〉 with |p| > Λ0, but not |p| ≫ Λ0. This
state has an excitation energy E|p|, as can be seen from
(19). Note that the excitation energy E|p| vanishes at
the Fermi surface |p| = Λ0. Therefore, the excited parti-
cle exhibits tachyon-like behavior and decays into many
fermions with nearly vanishing energy as follows. Be-
cause EΛ0 = 0, there must exist a state
|n,Λ0〉 ≡
∏
|p|≤Λ0,σ
a(p, σ)np,σ
∏
|p|>Λ0,σ
a†(p, σ)np,σ |Λ0〉
(24)
which has the same four-momentum and spin as those of
|p, σ〉, and satisfies np,σ = 1 only if Λ0 − δΛ0 < |p| <
Λ0+ δΛ0 with a small δΛ0. Recall that the Yukawa cou-
pling of the fermion with high energy modes of the scalar
has been ignored by integrating out the time-dependent
component of φ in (2). Through such a coupling, the
state |p, σ〉 immediately transitions to the multi-particle
state |n,Λ0〉. In a similar way, the state a(p, σ)|Λ0〉 cor-
responding to a hole with |p| ≤ Λ0 instantaneously de-
cays into a state of the form |n,Λ0〉. Since the state |Λ0〉
has a macroscopically large number of fermions, it is al-
most impossible to distinguish |n,Λ0〉 from |Λ0〉. Thus,
we conclude that excited particles and holes are unsta-
ble and eventually transition to a state which is virtually
identical with |Λ0〉.
IV. ETERNAL PAIR-PRODUCTION OF
FERMIONS IN THE EXPANDING UNIVERSE
It is straightforward to show that the state |Λ0〉 sat-
isfies the equation of state w ≡ p/ρ ≃ −1, in consistent
with the latest observation [4]. The internal energy U is
written as U = TS − pV + µN , where µ is the chemical
potential and N is the number of fermions. Since N is
not conserved, µ = 0 at the equilibrium corresponding to
the metastable state |Λ0〉. Hence ρ+p = (U+pV )/V ≃ 0
follows from Assumption 2. As a result, the energy den-
sity of the state |Λ0〉 depends on the scale factor a of the
Universe as ρ(Λ0) ∝ a
−3(w+1) = a0. However, it might
sound strange that the energy density of particles does
not vary as the Universe expands. In fact, the energy
density of free relativistic (resp. non-relativistic) parti-
6cles is diluted as ρ ∝ a−4 (resp. ρ ∝ a−3) as a increases.
To understand why ρ(Λ0) remains constant, suppose
that the scale factor a increases by a small amount
δa. Then, the state |Λ0〉 is red-shifted to |Λ0 − ∆Λ〉,
with ∆Λ = (δa/a)Λ0. Now we can show that the
state |Λ0 −∆Λ〉 is unstable and transitions to the state
|Λ0+∆Λ〉, as follows. The excitation energy of the state
a†(p, σ)|Λ0 −∆Λ〉 relative to |Λ0 −∆Λ〉 can be read off
from the commutation relation
[Hˆ0, a
†(p, σ)] =
{
−E|p|a
†(p, σ) (|p| ≤ Λ0)
E|p|a
†(p, σ) (|p| > Λ0)
. (25)
Note that Ep ≃ (2Λ0/ωΛ0)|p−Λ0| for p ≃ Λ0, from (17).
Therefore, the fermions with Λ0 −∆Λ < |p| < Λ0 have
negative energy −E|p|, which is canceled by the positive
energy E2Λ0−|p| = E|p| of the fermions with momentum
2Λ0 − |p| ∈ [Λ0,Λ0 + ∆Λ]. This implies that the state
|Λ0 − ∆Λ〉 immediately decays into |Λ0 + ∆Λ〉 through
the pair-production of fermions with momentum p in the
interval [Λ0 − ∆Λ,Λ0 + ∆Λ]. The fact that the transi-
tion |Λ0 − ∆Λ〉 → |Λ0 + ∆Λ〉 is possible is attributed
to the equality E|p| ≃ 0 in the vicinity of the Fermi
surface, which follows from ρ′(Λ0) = 0. The negative
term gφ0(W (Λ0))(m/ωΛ0) in (18) is the potential energy
felt by one fermion in the background of other fermions.
Therefore, the condition ρ′(Λ0) = 0 given by (18) indi-
cates that the kinetic energy ωΛ0 of an excited particle
on the Fermi surface is canceled by the negative potential
energy generated by the particles in |Λ0〉.
We depict a Feynman diagram for the transition pro-
cess |Λ0 − ∆Λ〉 → |Λ0 + ∆Λ〉 in FIG. 2. The pair-
production of fermions ψ occurs via the interaction
HˆI . Therefore, after the states with momentum |p| ∈
[Λ0−∆Λ,Λ0] become unoccupied due to red-shift, other
fermions instantaneously fill up the states with momen-
tum |p| ∈ [Λ0 − ∆Λ,Λ0 + ∆Λ]. Then, Λ is red-shifted
again from Λ0+∆Λ to Λ0−∆Λ. The process of red-shift
followed by fermion pair-production never terminates as
long as the Universe expands. As a consequence, |Λ〉 fluc-
tuates around the Fermi surface with a small amplitude
∆Λ, as if no red-shift occurs. The fluctuation amplitude
∆Λ must be evaluated by a careful analysis involving the
Hubble parameterH ≡ a˙/a and the transition amplitude
of |Λ0 +∆Λ〉 → |Λ0 −∆Λ〉. However, we may conclude
that ∆Λ is sufficiently small even without such an anal-
ysis, since the expansion rate of the present Universe,
H0 ∼ 10
−33 eV, is extremely smaller than the character-
istic scale of the model ∼ 10−3 eV.
V. FATE OF METASTABLE DARK ENERGY
In this section, we evaluate the probability of the
metastable state |Λ0〉 penetrating the potential barrier
and migrating to the true vacuum |0〉. The aim of this
evaluation is to confirm that the probability is so small
that the present Universe is highly likely to be in the
metastable state with the dark energy. The decay rate of
〈Λ0 −∆Λ|
〈Λ0 +∆Λ|
g
g
g
g
g
g
λ
g
g
FIG. 2. The transition process from |Λ0−∆Λ〉 to |Λ0+∆Λ〉.
Straight and dotted lines stand for the fermion ψ and scalar
propagator ∆(x − y), respectively. This process is kinemat-
ically allowed, since the kinetic energy of the pair-produced
fermions (thick straight lines) is exactly canceled by the nega-
tive potential energy generated by the fermions in |Λ0−∆Λ〉.
a false vacuum in a scalar field theory has been calculated
by Coleman and Callan in [14]. We first briefly review
the methodology presented in [14], and then apply that
methodology to our model.
The authors of [14] considered the Euclidean action for
a real scalar field ϕ,
Sϕ =
∫
d4x
[
1
2
(
∂ϕ
∂τ
)2
+
1
2
|∇ϕ|2 + U(ϕ)
]
, (26)
where U(ϕ) is a potential with the global minimum at
ϕ = ϕ− and a local minimum ϕ = ϕ+ separated by a
potential barrier. It is assumed that the local minimum
is zero, namely U(ϕ+) = 0. The global and local min-
ima correspond to the true and a false vacuum of the
system, respectively. Let us define a radial coordinate
r ≡ (τ2 + |x|2)1/2. The equation of motion derived from
the action Sϕ admits a O(4) symmetric solution ϕ¯(r)
with the boundary condition
lim
r→∞
ϕ¯(r) = ϕ+,
∂ϕ¯(r)
∂r
∣∣∣∣
r=0
= 0. (27)
In addition to the trivial solution ϕ¯(r) = ϕ+, there is a
non-trivial solution corresponding to the vacuum transi-
tion from ϕ+ to ϕ−. Such a solution is referred to as
the “bounce solution”. We define “the bounce action” B
by the value of the action Sϕ under the bounce solution
ϕ = ϕ¯, as
B ≡ 2π2
∫ ∞
0
r3dr
[
1
2
(
∂ϕ¯
∂r
)2
+ U(ϕ¯)
]
. (28)
The decay rate of the false vacuum per unit volume is
then given by
Γ/V ∼ A exp(−B), (29)
7where A is a quantity with dimension [mass]4 that de-
pends on the detail of the model.
For a specific form of the potential U(ϕ), an analytic
expression for B can be obtained. An example of such
potential is
U(ϕ) =
κ
4
ϕ2(ϕ+ 2b)2 −
ǫ
2b
(ϕ+ 2b), (30)
where κ, b, and ǫ are positive constants. If ǫ is suffi-
ciently small, ϕ− ≃ 0 and ϕ+ ≃ −2b. An approximate
expression for the bounce action under small ǫ has been
calculated in [14] as
B ≃
2π2κ2b12
3ǫ3
. (31)
Next, let us utilize the above methodology to estimate
the tunneling probability of our model. To this end, we
have to return to the Lagrangian L in (2) and integrate
out the fermion ψ, to obtain a model that contains only
the scalar φ. Since L is bilinear in terms of ψ, it is pos-
sible to exactly carry out the functional integration with
respect to ψ. However, such a naive integration is in-
appropriate for our current purpose, as we will see now.
The effective action for φ obtained by the path integral∫
[Dψ¯Dψ] exp(i
∫
dtL) contains the term
lnDet
[
1
2
(i/∂ −m)−
g
2
φ
]
. (32)
The expansion of (32) in terms of φ gives the self-
interaction terms of φ mediated by the virtual fermion
circulating around an internal loop. In other words,
fermions only appear as unobservable virtual particles
in the system under consideration. However, as revealed
in the preceding sections, the Universe in the metastable
state is filled with observable on-shell fermions, not with
intermediate off-shell fermions. Therefore, the exact
functional integration does not properly describes the
dark energy predicted by our model.
To find a pure scalar field theory suitable for our goal,
let us write down the Hamiltonian density Hˆ derived di-
rectly from L as
Hˆ ≡
1
2
π2φ +
1
2
|∇φ|2 + V (φ, ψ),
V (φ, ψ) ≡
1
2
m2φφ
2 +
λ
4
φ4
+
1
2
ψ¯ (−iγ ·∇+m)ψ +
g
2
φψ¯ψ,
(33)
where πφ is the conjugate momentum of φ. To appro-
priately eliminate ψ from Hˆ, it is helpful to use a mean
field approximation again. In the present case, we take
the expectation value of V (φ, ψ) with the state |Λ〉 and
minimize it with respect to Λ. The effective potential for
φ defined this way is given by
Veff(φ) ≡ min
Λ
〈Λ|V (φ, ψ)|Λ〉
= min
Λ
[K(Λ) + gφW (Λ)] +
1
2
m2φφ
2 +
λ
4
φ4.
(34)
FIG. 3. The scalar effective potential Veff(φ) for the same
parameter range as that given in FIG. 1. At least for
2.0 ≤ m/mφ ≤ 2.05, there is a positive local minimum cor-
responding to the dark energy, which is separated from the
true vacuum at φ = 0 by a potential barrier.
The minimum condition in (34) reads
Λ2
(
ωΛ + gφ
m
ωΛ
)
= 0. (35)
The solution to (35) that gives the minimum of (34) is
given by Λ = Λφ ≡
√
m|gφ+m| for φ < −m/g and
Λ = 0 for φ ≥ −m/g. As a consequence, we obtain
Veff(φ) =


K(Λφ) + gφW (Λφ)
+ 12m
2
φφ
2 + λ4φ
4 (φ < −m/g)
1
2m
2
φφ
2 + λ4φ
4 (φ ≥ −m/g)
. (36)
We depict the graphs of Veff(φ) in FIG. 3 for the same
parameter range as the one used for calculating ρ(Λ) in
FIG. 1. The functional dependence of Veff(φ) on φ re-
sembles that of ρ(Λ), as all the global or local extrema of
Veff(φ) have the same value as those of ρ(Λ). This is not
accidental. In fact, ρ(Λ) and Veff(φ) are obtained by min-
imizing the same function 〈Λ|V (φ, ψ)|Λ〉 with φ and Λ,
respectively (recall the expression of ρ(Λ) in (15)). The
local minimum of Veff(φ) with φ < 0 andm/mφ . 2 arises
from the negative attractive potential between fermions.
This implies that fermions are appropriately treated as
observable particles (not virtual particles), in the defini-
tion (34) of Veff(φ).
Finally, let us calculate the tunneling probability in
the case m/mφ = 2.05. Note that, in that case, Veff(φ)
can be well approximated by a quartic polynomial U(ϕ)
in (30) with small ǫ. This rather bold approximation is
admissible since our aim is just to obtain a rough esti-
mate of the tunneling probability 3 . Let φm and φ+ < 0
3 Actually, Veff(φ) differs from U(φ) by a constant ǫ. This differ-
ence does not affect the evaluation of the tunneling probability.
8be the value of φ that give the local maximum and mini-
mum of Veff(φ), respectively. We determine κ, b, and ǫ by
assuming that the following three values are the same be-
tween U(ϕ) and Veff(φ): 1) local maximum, 2) horizontal
position of the local minimum, and 3) difference between
the global minimum and the local minimum. Then, we
obtain three equalities as follows:
κb4/4 ≃ Veff(φm), −2b ≃ φ+, ǫ ≃ Veff(φ+). (37)
For m/mφ = 2.05, we have φm ≃ −3mφ and φ+ ≃
−7mφ. From a dimensional analysis, we make another
bold assumption about the coefficient A as
A = CM4, (38)
where C is a constant not significantly different from
unity and M = 10−3 eV is the characteristic scale of
the model. The tunneling probability we wish to com-
pute is obtained by multiplying on Γ/V the age H−10 and
the volume H−30 of the observable Universe. Hence, from
(29), (31), (37), and (38), the tunneling probability is
roughly evaluated as
A
H40
exp(−B) ∼ C × 10−10
7
. (39)
The extremely small probability (39) indicates that the
dark energy is stable against vacuum decay at least for a
period comparable to the present age of the Universe.
VI. DIRAC FERMION CASE
In this section, we consider the case where fermions
are described by Dirac spinor ψ. Our goal is to show
that there is a metastable state for a certain parameter
set. Since the Dirac fermion case can be treated in a
way similar to the Majorana case, we try to keep our
discussion in this section as brief as possible.
The Lagrangian is given by
LD ≡
∫
d3x
[
ψ¯ (i/∂ −m)ψ − gφψ¯ψ
+
1
2
∂µφ∂
µφ−
1
2
m2φφ
2 −
λ
4
φ4
]
,
(40)
where we used the same symbols for four model param-
eters as those in the Majorana case. By using the func-
tional φ0 defined in (4), we write down the corresponding
low energy effective Hamiltonian as
HˆD ≡
∫
d3x
[
ψ¯ (−iγ ·∇+m)ψ + gφ0(ψ¯ψ)ψ¯ψ
+
1
2
φ0(ψ¯ψ)(−∇
2 +m2φ)φ0(ψ¯ψ)
+
λ
4
φ0(ψ¯ψ)
4
]
.
(41)
The Dirac field ψ describes particles and anti-particles.
Denoting the creation operators of particles and anti-
particles by b†
p,σ and d
†
p,σ respectively
4, we can expand
ψ as
ψ(x) =
∑
p,σ
1√
2ω|p|V
[
u(p, σ)eip·xbp,σ
+ v(p, σ)e−ip·xd†
p,σ
]
.
(42)
Similarly to section II, instead of the entire Hilbert space
of the model, we focus on a subspace H′D of it defined by
H′D ≡

 |Λ〉 =

 ∏
|p|≤Λ,σ=±
b†
p,σd
†
p,σ

 |0〉
∣∣∣∣∣∣Λ ∈ R≥0

 ,
(43)
where the vacuum |0〉 satisfies bp,σ|0〉 = dp,σ|0〉 = 0.
The form of |Λ〉 in H′D indicates that particles and anti-
particles are degenerate in the Fermi surface with a com-
mon radius Λ. We also define the expectation values
KD(Λ) and WD(Λ) as
KD(Λ) ≡ 〈Λ|ψ¯ (−iγ ·∇+m)ψ|Λ〉 = 2K(Λ),
WD(Λ) ≡ 〈Λ|ψ¯ψ|Λ〉 = 2W (Λ).
(44)
Under a mean field approximation, the Hamiltonian HˆD
is approximated in the vicinity of the state |Λ0〉 as
HˆD ≃ ρD(Λ0)V + HˆD0 + HˆDI ,
ρD(Λ) ≡ KD(Λ) + P (WD(Λ)),
HˆD0 ≡
∑
|p|≤Λ0
E|p|bp · b
†
p
+
∑
|p|>Λ0
E|p|b
†
p
· bp
+
∑
|p|≤Λ0
E|p|dp · d
†
p
+
∑
|p|>Λ0
E|p|d
†
p
· dp,
HˆDI ≡
ω2Λ0
m
∑
p
|p|
ω|p|
(
b†
p
·Md†−p + d−p ·M
†bp
)
.
(45)
In (45), Λ0 stands for the value of Λ where ρD(Λ) takes
a local minimum if it exists. Note that HˆD0 is positive
definite for the excited states obtained by multiplying
creation or annihilation operators on |Λ0〉.
When looking for local minima of ρD(Λ), we consider
only the same value of couplings as that in the Majo-
rana case, namely g = 3 and λ = 0.01. As shown in
FIG. 4, a positive local minimum of ρD(Λ) correspond-
ing to the dark energy exists for 1.3 . m/mφ ≤ 1.35.
As we stressed when H′D was defined, the same num-
ber of particles and anti-particles are contained in the
state |Λ0〉. However, the pair-annihilation of particles
and anti-particles does not occur, because that would in-
crease the energy of the system as a result of the positive
4 Similarly to the footnote 1, we use a simple notation for creation
and annihilation operators such as b†p = (b
†
p,+, b
†
p,−)
T below.
9FIG. 4. Functional dependence of ρD(Λ) on Λ ∈ [0, 7mφ]
for g = 3 and λ = 0.01. The horizontal and vertical axis
stands for Λ/mφ and ρD(Λ)/m
4
φ, respectively. The graphs for
five representative values of m/mφ ∈ [1.2, 1.4] are shown. A
positive local minimum exists at least for 1.3 . m/mφ ≤ 1.35.
definiteness of HˆD0. As the Universe expands, particles
and anti-particles are produced in pairs via the interac-
tion HˆDI , so that the system remains in the metastable
state.
VII. CONCLUSION AND DISCUSSION
In this article, we have proposed a simple model that
explains the origin of dark energy with the dynamics of
fermion and scalar. For a range of model parameters,
a metastable state with positive energy density can ex-
ist. This metastable state, or a false vacuum, is sta-
bilized by the attractive and repulsive interactions be-
tween fermions mediated by the scalar. Eternally pair-
produced fermions are also responsible for the stability of
the vacuum energy density against the cosmic expansion.
We have confirmed, for a certain parameter set, that the
metastable dark energy is expected to survive for a period
substantially longer than the age of the Universe. The
observed value of the vacuum energy density is naturally
explained if the fermion has mass of the order 10−3 eV,
which is comparable to the current neutrino mass bound.
However, active neutrinos cannot be the candidate for the
fermion in the model, because the model does not allow
for stable fermionic excitations of the metastable state.
Instead, ψ might be a sterile neutrino, the existence of
which the LSND anomaly [15] and MiniBooNE experi-
ment [16] have hinted at, though the interpretation of
these experimental results is still controversial.
Our model offers a novel scenario for generating the
dark energy, but a couple of issues remain to be resolved.
First, we have not evaluated the probability of the false
vacuum ascending the potential barrier and falling down
to the true vacuum through a thermal transition. Un-
less the temperature of the system is low enough, such a
transition is possible. Second, we have used some approx-
imations when deriving the main results in this article.
For instance, loop corrections are not taken into account
in the effective Lagrangian (7), and a mean field approx-
imation is applied when deriving the Hamiltonian (16).
It is a non-trivial task to confirm that our results are not
qualitatively affected even if we use more accurate calcu-
lation techniques. Finally, it will be quite difficult to test
our model, because the DE sector must only weakly in-
teracts with the SM sector as postulated at the beginning
of section II. If the above issues are addressed, our model
might become another possible solution to the problem
of the dark energy.
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